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Abstract

We present a construction of “flat wavelet bases” adapted to the homogeneous
Sobolev spaces H*(R"). They solve the problem of the phenomenon of infrared di-
vergence which appears for usual wavelet expansions in H*(R"): these bases remove
the divergence in the case s — § ¢ N since they are also bases of the realization of
H*(R™). In the critical case s — 5 € N, they provide a confinement of the divergence
in a “small” space.
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1 Introduction

The homogeneous Sobolev spaces H *(R™) naturally appear in the resolution of
problems which possess an invariance by dilations (PDE invariant by scaling,
self-similar stochastic processes). These spaces, contrary to their inhomoge-
neous version, have a dilation invariant norm. But they are only spaces of
distributions modulo polynomials and not of distributions. Thus, operations
such as multiplication by a function of the Schwarz class or localization are
not possible.
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Bourdaud has shown that it was possible to realize the spaces H*(R") for
s € R, s — % ¢ N. We can chose, in an homogeneous (the operation commutes
with dilation), linear, and continuous way, a representative of each equivalence
class, and thus obtain a “realized version” of H*(R") embedded in &'(R™).

If s < 7, the realization is given by the unique representative which belongs
to LI(R™) with % = = — s and an analysis in classical wavelets is perfectly

2
adapted.

If s > 4, the realization is obtained by choosing the representative that van-
ishes at the origin, as well as its partial derivatives of order less than E(s— 7).
Since they do not all vanish at the origin, the classical wavelets are not adapted
anymore: the expansion is not necessarily convergent in S’(R™) because of the

low-frequency term, giving rise to the phenomenon of infrared divergence.

We propose in this paper the construction of flat wavelets bases. These bases
are unconditional bases both of H*(R") and of its realized version. Our method
consists of modifying a Daubechies wavelet basis with compact support in or-
der to impose the vanishing conditions at 0. These bases also allow us to study
the spaces H*(R") which are not realizable in an homogeneous way (s—2 € N).
They provide a confinement of the infrared divergence in the sense that we
can write H°(R") as the direct sum X @ Y, where X and Y are two spaces
stable by dyadic dilations, Y can be realized, and X is small and regular.

This paper is organized in the following way:

In Section 2, we recall the classical definition of Sobolev spaces and a modified
version which allows us to use compact wavelets. For the convenience of the
reader we also review known results on realization.

In Section 3, we give a sufficient and necessary condition for a basis of H*(R")
to be a basis of the realized space and show that this condition can be satisfied
by a basis of wavelets with compact support of L?(R").

In Sections 4 and 5, we construct the flat wavelet bases and show that they
are unconditional bases both of H*(R") and its realization.

In Sections 6, 7 and 8, we study the non-realizable case. In Section 6, we intro-
duce the notion of confinement of infrared divergence; in Section 7, we propose
a confinement of the spaces H *(R™), s — § € N, and study its properties. In
Section 8, we apply this notion to the study of the lifting of the Laplacian in
H?(RY).



2 Definitions
2.1 Notations

In what follows, P will denote the subspace of distributions formed by the
polynomials and P,, the subspace formed by the polynomials of degree less
than or equal to m (m € N).

We will denote by Sp(R™) the subspace of the Schwartz class S(R™) formed
by the functions u satisfying

/xau(a:)dx =0 VYaeN"

and by S)(R™) its dual. This space is identified with S'(R™)/P. For a distri-
bution f € §’'(R"™), we denote by [f] its class in Sj(R™).

Finally, for z € R, E(z) will denote the entire part of .

2.2 The classical definition

Let ¢ be a function that defines a Littlewood-Paley analysis: its Fourier trans-
form ¢ belongs to C5°(R™), is supported on the annulus {{ € R™; 3 < [¢] < 2}
and satisfies

YO =1, ££0

jez
We define the operator A;, j € Z, on §'(R™) and on S)(R") by

— ~

(A5) =27 ]. (1)

For s € R, we consider the space HS(R") consisting of all tempered distribu-
tions f € S(R™) such that

R(f) = (Z HAij%z?st)
JEZ

is finite. The operator R is not a norm (but only a semi-norm) on H*(R™). We
have indeed R(f) = 0 if and only if f is a polynomial.

Definition 1 For s € R, the homogeneous Sobolev space HS(R”) s the quo-
tient of H*(R™) by P.



The operator R is now a norm on H*(R™) and H*(R™) is a Banach space of
distributions modulo polynomials.

The norm R is homogeneous on H*(R"). That means that for A > 0 and [f] €
H*(R™), one has R([f()\.)]) = A*"2R([f]). This property is one of the main
interest to introduce the homogeneous version of the Sobolev spaces. But with
that definition, we have to deal with distributions modulo polynomials and
not with classical distributions. This difficulty has been studied by Bourdaud
in [3] where he has shown in which cases H*(R") can be seen (realized) as a
subspace of tempered distribution:

Theorem 2 The spaces H*(R") with s € R, s — 5 & N, are realizable in
a dilation invariant way. In other words, there exists a linear and continuous
map o : H¥(R") — S'(R") such that for all [u] € H*(R™), one has [o([u])] = [u]
(in S{(R™)) and for all A > 0 one has o([u(X-)]) = (o([u]))(X). The map o is
called the realization of H*(R™) and is unique. The space o(H*(R™)) equipped
with the norm R and becomes a Banach space.

If s — 5 € N, the space H*(R™) is not realizable in a dilation invariant way.

The realization is explicit. If 0 < s < Z, it is given by the choice of the unique
representative u of [u] € H*(R") that belongs to L?(R") with 2 = 3 — .

If s > 2, s—2 ¢ N, the representatives u of [u] € H*(R") belongs to

s
CP(=3)(R") and the realization is given by the choice of u satisfying

0%u(0) =0 forall a e N, |a| < E(s — g)

Now, in the case s — 2 ¢ N, the space o(H*(R")) is a subspace of classical
distributions. In addltlon we have the following properties (cf. [4]).

Proposition 3 (i) (Hardy inequality) Let s > 0, s — 5 ¢ N. There exists a
constant C > 0 such that for all function f € o(H*(R™)), one has

@)
Jo M < O

(ii) (Localization) The space o(H*(R™)) is localizable. More precisely, for a
function p € C3°(R™), supported in an annulus, and such that Y ;e p(277x) =
1, for all z € R™\ {0},

vIf] € H*(R),

Z ||U SDJ

JEZ

Hs?

where @; = ©(2779)



Remark The space HS(R”) is defined modulo the polynomials. It only can be
analyzed with waves which have infinite vanishing moments. Thus, wavelets
bases with compact support can not be bases of this space.

That leads us to the appropriate definition of the Sobolev spaces.
2.3  Modification of the definition

Let us study more precisely the Littlewood-Paley analysis of f € HS(R").
If s < %, the Littlewood-Paley expansion of f € H*(R") converges in the
distributional sense and we have

=20 €eP.

If s > 7, the expansion does not necessarely converge in S'(R"). An infrared
divergence can appear since the low-frequency term (; < 0) may diverge.
Nevertheless, there exist polynomials P; of degree less than or equal to E(s —
5 ), such that the expansion }°;cz A;f — P; converges in §’'(R"). That allows
us to define the spaces H*(R"), for s > 5, by

f € H(R") & f € H*(R") and there exists polynomials P; of degree
n
S _

2) such that f =Y A;f — P

JEZ.

less than or equal to E(

Now we have R(f) = 0 if and only if f is a polynomial of degree less than or
equal to E(s — 5

Definition 4 For s € R, the homogeneous Sobolev space HS(R”) s defined
b
y . . . n
fe H(R") & f e H(R") cmdf:ZAjf, zfs<§
JEZ
and by the quotient

HS(RN) = HS(RN)/PE(S,%), if s >

SIE

For s > % and f ¢ H*(R"), we denote by [f], its class in H*(R™).

Remark To analyze the space H*(R"), wavelets shall only have E(s — )

vanishing moments. That allows us to use wavelets with compact support.



Let us recall the following classical properties (with s € R).

(1) The space H*(R") equipped with the norm R is a Banach space.

(2) The spaces H*(R") and H*(R™) are isometrically isomorphic.

(3) The dual of H $(R") is the space H~*(R") for the L?-scalar product (and
(FE(RM)Y = Ho*(R")). |

(4) a) If s € N and s < %, the map N defined for f € H*(R") by

= > 0°fllz:

laf=s

is an equivalent norm on H*(R™).

b) If s € Nand s > %, the map IV defined for f € H*(R") by

= > 0°fllz:

la|=s

is a semi-norm on H*(R™) and N(f) =0 & f € Pr(s-2). Then, it defines
a norm on H*(R™).
In what follows we will denote by || - || 75 the norms R or N (observe

that they are equivalent, which is sufficient for our purpose). This norm
is homogeneous: for f € H*(R") and A > 0, we obtain ||f(\-)]

N5 fll e
(5) a) For 0 < s < %, the bilinear form (., .) given, for f and g in H*(R"™), by

R e

la[=E(s)

Hs

is a scalar product on H*(R"). '
b) For s > %, for f a representative of [f], € H*(R") and g a representa-
tive of [g], € H*(R™), the quantity

o 5, || I,

la|=E(s)

does not depend of the choice of the representatives and defines a scalar
product on H*(R"™).

Proposition 5 Let s € R be such that s — 5 ¢ N. We denote by o the unique
realization of H(R™) given in Theorem, 2.

If s < %, the space H*(R™) is already realized and we get

H*(R") = o(H*(RY) < 2, (R").



If s > 5 and s — § ¢ N, there erists an unique realization ¢ of H*(R").

Moreover, we have

5(H*(RY) = o(H*(RY) < A2,

(R™).
It is an immediate consequence of the isometry between H*(R™) and H*(R™).
2.4 Identifications

For s > %, our goal is to construct wavelet bases {e;, k € Z} both of H*(R")

and of Hﬁeal(R") in the following sense: the functions ey, k € Z, form a basis
of H?

s (R") and their classes [ey]s, k € Z, form a basis of H*(R").

In what follows, we will make the identification between an element [f], of
H*(R") and any of its representatives: we will say that f € S'(R") belongs to
H*(R") if [f]s € H*(R") (i.e. f € H*(R™)).

Nevertheless, in some cases, we will need to be more careful and make the
difference between class and representatives. It will be clearly indicated.

3 Wavelets and realized Sobolev spaces

It is well known that a classical wavelet basis {¢%,, j € Z, k € Z", € € £} with

1, € C" (Daubechies or Meyer basis for example) is an unconditional basis
of H*(R") for |s| < r (cf [7]). However it is not an unconditional basis of the
realized space H?,,,(R"). Let us consider the Meyer basis {1, = 254(27-—k)}
of L*(R). The wavelet 1) does not vanish at the origin and so does not belong to
H?.,(R). In fact, an infrared divergence may occur in the wavelet expansion.

real
Z

For example, the series
1<— 1

converges in H'(R) but for u € S(R ) with u > 0 and [« = 1, we have

[poF w W0y o |w | [ u=+oc,

1<—= 1 <= 1
and the wavelet expansion does not converge in the distributional sense.

The following criterion gives conditions for a basis of H5(R™) to be a basis of

e (R™).

real



Proposition 6 Put s> %5, s— 5 ¢ N.

1. Let {eg}ren be a family of tempered distributions such that {ex}ren is an
unconditional basis of H*(R"). Then {ex}ren is an unconditional basis of
HE,,,(R™) if and only if, for all k € N,

real

ekEHS

real

(R™).

2. Let { fu }ren be an unconditional basis of H,,(R™), orthonormal in L*(R™).

Then { fx tren is an unconditional basis of H*(R™) if and only if for all k € N,

fr € H78<Rn).

PROOF. In the following proof, we carefully distinguish the difference be-
tween a tempered distribution f € H*(R") and its class [f]s in H*(R™).

Remark that only the if part of statement 1. requires any explanation. For the
converse, if we explicit the operator of realization o and if e, € H?,,,(R"), then
o(lex]s) = e and thus, by isomorphism, {e}ren is an unconditional basis of
H (R,

real

For 2., if f, € H 5(R") then, for all [f], € H*(R"),

keN

is well defined in H*

real

(R") and [f], = [g], in H*(R").

Conversely, if {[fi]s}ren is an unconditional basis of H*(R"), for all [f], €

H*(R™), one has
[fls = > exl([f1s) [ fals,
keN
where the linear form [f] +— cx([f]s) is continuous. Now, if [f]s € H*(R") and
f e L*(R"), ci([f]s) = (f, fx). Thus fi € H—*(R") by density of L*(R") N
H*(R"™) in H*(R™).

Hence, in order to obtain wavelet bases of H?,,(R"), we need to construct
wavelets which vanish at 0 (and their partial derivatives of order less than or
equal to E(s — %)). It is impossible to have such a wavelet basis in L*(R™).
We have actually the following obstruction.

Theorem 7 There is no orthonormal basis fx,\ € A, of L*([0,+oc[) such
that

Supp fr C [ax,bx], by > ax >0, (2)



sup L < oo and /f)\(t)dt =0 VieA (3)

AEA A\

PROOF. Put Cy = supyc, 52 One has

ax

Loy =) </01ﬁ(93)d93) Fr

AEA

By (3), if A € A is such that by < 1, then [ fi(x)dx = 0. Now, by (2), if
b,\thhena,\Z% Zcio and we get

11 = AGAZ:bAzl (/Olﬁ(x)dx) Fi.

Now we have the required contradiction since the right term is supported on
[CLO, +00.

The previous theorem can be generalized to the following result.

Theorem 8 There is no orthonormal basis ex,\ € A = Ay U Ay, of L*(R")
such that
/R+ ex(z)de =0 VAeA (4)

and,

for X € Ay Suppey C [aRy,bRy] with 0 < a < b < 400 and Ry > 0,

£

for A€ Ay Suppey C[0,cR,] and |ex(z)] < C)\R;\% 7
A

withsup Y ¢ =M < +oc.
I€Z  xeA,
Ry 2l

PROOF. Again, we have

ITREDY </01 a(az)dx) ex,

AEA

where the sum for A € A, is supported on [¢, +ool.

by (4), for A € Ay, if cRy < 1, we have again fol ex(z)dr =0, and, if cRy > 1,
we get



Z (/01a<x)dx) ey < Z CiR;1—25|x‘g

AEA AEA
cRy>1 cRy>1

SZ Z C§271(1+2€)‘x|6

lEZ A€o
cRy>1

R/\:Ql

< Z Z Ci 2_l(1+2€)|1‘|6

le7, AEA,
clt1>1 \ R, ~o!

< KM|z|.

Finally, we obtain that 1pj(z) < KM|z|® for 2 € [0, $[, which give us the
required contradiction.

Remark These two last results can be generalized: we can replace R with R
or R™ (the function 1 will be replaced with 1y 3= in the proofs). Moreover
we do not use in a crucial way the assumption of orthogonality of the basis:
we can extend these results to the case of two biorthogonal bases or two dual
frames {ey, A € A} and {e}, A € A} which both satisfy the assumptions of
the theorem for the same R).

These results show in particular that there is no Daubechies wavelet basis in
which all the wavelets vanish at 0.

4 Reorganized Daubechies wavelet basis

Let us recall our goal. We want to construct a wavelet basis that is an uncon-
ditional basis both of H*(R") and H?,,;(R™) in the non critical case s—% ¢ N.

real
For that, we need to keep the property of oscillations (vanishing moments) for
the analyzing wavelets and to impose the cancellation at 0 for the synthetiz-
ing wavelets. We present a construction which is based on a modification of a
Daubechies wavelet basis. The first step is to isolate the wavelets which do not
vanish (or their derivatives) at the origin. Let us first recall some properties

of the Daubechies wavelet basis (see [6])

Theorem 9 Let N € N be an odd integer. There exists a function on = @
and 2™ — 1 functions V5 = ¢°, ¢ € € = {1,...,2" 71}, such that

(1) Supp = Suppy® = [0, N|*,

(2) The functions o(- — k), k € Z, and 2%@Z)5(2j -—k),j >0, keZ,ece€f,
form an unconditional basis of L*(R™),

10



(3) If N > 3, ¢ and ¢*° belongs to the space C"™(R™) where r(N) > 0 is a
unbounded increasing function of N.

We denote by V; the closed subspace of L?(R") given by
Vo = Spanf{p(- — k), k € Z"}
and, for j € Z, we define V; by the relation
FEVE e 27 f(2) eV,

The sequence (V;),ez is the Multiresolution Analysis associated to the wavelet
basis. In the same way, we define the closed spaces W;, j € Z, by

Wy = Span{y*(- — k), k € Z", ¢ € £}.

and . A
feW, e 25 f(2.)ew,.
Finally, the linear form ,, for |a| < E(r), are defined on C],.(R") by

la(f) = 0" (0).

Proposition 10 The linear forms l,, |a| < E(r), are linearly independent on
Wo.

The proof will be given at the end of the section.

Let us denote by Wy and Wy the closed subspaces of W, defined by
Wy = Span{y(-+1), L € Z\ {1,..., N — 1}}

and

WO =Veet{y(- +1), 1 € {1,... N —1}}. (5)
For a function f € Wy, we have 0 ¢ Int(Supp f) and so l,(f) = 0 for all
la| < E(r). It follows from Proposition 10 that the space W can be written

1
as Waiy © Winoa With Wioa = Njaj<p(r) Ker la.

We denote by {¢%, (¢, k) € A} an orthonormal basis of Wi, and by {7,, |a| <
E(r)} a (non-orthogonal) basis of Wy;, such that for all g € N*, |5] < E(r)

8ﬁra = 50{75.

Finally, we denote by {7, |a] < E(r)} the dual basis of {7, |a| < E(r)} for
the L%-scalar product and we put {1,... N — 1} x & = A = A0q U Agio.

The following theorem summarizes the results obtained so far.

11



Theorem 11 The union of the three systems
{U5,:() = 27952 - —k), j €Z, (k,e) € Z" x E\ A},
{Qljj,k() = 2%11/};(?')7 J €L, (ke) € Apoa}
and v ‘
{T1a() = 2% 04(2"), j € Z, || < E(r)}
is an unconditional basis of L*(R") and of H¥(R") for —r < s < r, called
“reorganized Daubechies basis”. The dual basis is the system

{wjvk’ J € Z’ (k7€> S Zn X 8 \ A} U {wj‘,lm j € Z7 (k’,é‘) € Amod}
U{rr, =2%75(20), j € Z, |a| < E(r)}.

j7a

Remark The set Ay, is the set of indices of those wavelets (or one of their
partial derivatives) which do not vanish at 0 and lead to the phenomenon of
infrared divergence in the wavelet expansion.

Let us now give the proof of Proposition 10. This is a (non-trivial) consequence
of the following result (see [1])
Proposition 12 The linear forms l,, || < E(r) are linearly independent on

V.

PROOF. We study the case of the dimension 1, the argument in dimension
n is the same. Let us recall that the scaling function ¢ and the wavelet ¢ are
associated to a couple of conjugate mirror filters (mg, m) with

N
mo(§) = > ape™™, with agan # 0,
k=0

%p(%) = () + ... + ayp(x — N),

N
my(§) = Z an_re ",
k=0

SU(E) = Tp(a) + .+ Toplz — N), (6)
and the two relations,
Imo(§)|* + [mo(§ +m)* =1 (7)
and
mo(§)ma(§) +mo(€ +m)mi(§ + ) = 0. (8)

12



It is sufficient to show that the linear forms [, ..., [, defined by

Vie {0,...,m} L(f)=f9(0)

are linearly independent on W (defined by (5)), with m = E(r). Let ¢y, ..., ¢ €
C be such that

m

Applying (9) to ¥(x +1), 1 € {1,...,N — 1}, we get for all € {1,..., N — 1},
Y1) =0
i=0

Let us put f = X7, c00® then for all I € Z\ {1,..., N — 1}, f(I) = 0. Since
Supp f C [0, N] by (1), f vanishes on Z. But, using (6), we get

N m al
v) =S anr Y. 2oV (20 — k) = > an—rg(2x — k)
k=0 =0

k=0

where g is defined by

— Zci2i+1§0( )
i=0
It follows that, for all [ € Z,
N
> anrg(20 — k) = 0. (10)

k=0
Now, by (1 ) Suppg C [0,N],so g(k) =0for k€ Z\ {1,...,N — 1} . Writing
G(&) = =N g(k)e™™¢  the relation (10) is equivalent to
mi(§)GE) +mi(E+m)G(E+7m)=0 VEeER.

But, my satisfies (7) and (8). Then we have G(&) = A(2)m(&) with \(2¢) =
mo(§)G(§) + mo(§ + m)G(€ + 7). Hence, \(2€) is a trigonometric polynomial
of degree less than or equal to .

We observe that mgy(£) = M(e®) where M is a polynomial which has N
complex roots non equal to zero since agay # 0. But G(§) = H(e™*) where
H is a polynomial of degree less than or equal to N —1 and H has N complex
roots. Hence, G is identically zero, and g vanishes on Z. That implies that for
all [ € {1,..,N —1},

Z 2 (e ZCZQHI =0,

and so, according to Proposition 12, ¢ = ... = ¢, = 0, which ends the proof.

13



5 Flat wavelet bases and realized Sobolev spaces

We now assume that r ¢ N and fix an integer m < E(r). We want to modify
the reorganized Daubechies basis to obtain a flat wavelet basis of order m in
the following sense.

Definition 13 A flat wavelet basis of order m (with m € N) is a r-regular
wavelet basis (with E(r) > m) such that all the wavelets and their partial
deriwvatives of order less than or equal to m vanish at 0.

In the reorganized Daubechies basis, at the scale 7 = 0, the functions 7,, for
|a] < m, are the only one which do not satisfy the conditions of cancellation
at the origin. We replace them with the functions w, (|a| < m) defined by

) = () = 20 (),
which now satisfy
lg(wa) =0 for|a] < m and |5] < m.
For j € Z and a € N with |a| < m, we put w;, = Q%wa(?-). We have
Proposition 14 The flat wavelet basis of order m given by
(V4 J €L, (kye) €Z" x E\AYU{YS,, j € Z, (k,€) € Apoa}
Hwja, § €Z, |af| <m}U{Tja, j€Z m+1<|a| < E(r)}

is an unconditional basis of H*(R™) for m + 5 <s<rand for f € H*(R"),
we have

1G> D0 KA+ > K g2
JEZ (ke)EZ™ x E\A JEZ (k.e)EAmod
+2° 2 WL w27+ > [f, mal2e
JEZ |a|<m JE€EZ m+1<|a|E(r)

PROOF. We denote by E,, |a| < m, and F the closed subspaces of H*(R")
defined by
E, = Span{tj,, j € L}

and

F:Spa’n ({wj,lm .] S Z7 (k7€> €ZL"x& \ A} U {{/;]E',Im j S Z7 (k’,é‘) € Amod}
U{Tjar J € Zo m+ 1 < o] < E(r)}).

14



We have

H*R" = & E,®F.

la|<m
For |a| < m and for h = ¥ 5<,ne5 + f € H*(R™) with eg € Eg and f € F,
let us define the operators S, on H*(R") by

S (h)(-) = 2e,, (5) .

Finally, let T be defined on H*(R") by

T=Id— Y 5,

lal<m

Since m + § < s, one has, for f € E, (|a| < m),

1Safllze = 21227 fl o,

with 2/%122-% < 1. The following lemma allows us to conclude that T is an
isomorphism, which ends the proof.

Lemma 15 Let H be a normed vectorial space and let E1, ..., E,, F' be some
vectorial subspaces of H such that

H=FE,®...9FE,®F.
For 1 <1 < n, we consider an endomorphism S; of H such that
i) S:(E;) = {0} if j # i and S(F) =0,
i1)S;(E;) C E;,
i) Vf € B, [|Si(f)] < el fI| with ¢ <1.
Then the endomorphism T of H defined by
T=1d—5 —..—5,

18 an isomorphism.

The isomorphism 7" is explicit. Then we can calculate the dual basis in H~5(R™).
It is the system

{wje',ka ] € Z7 (k7€) € 7" x & \ A} U {Q:Dv.;k? j € Z7 (k’,E) S Amod}
AHwja 7 €Z, laf <m}bU{7,, j €Z m+1<]|a| < E(r)}.
where w; , = 2% W (27.) with
wh = Z 2p(\a|+N)7-;(2p.)_

p=>0

15



Theorem 16 Let § < s <1, s — 5 ¢& N. The flat wavelet basis of order m of
Proposition 14 is an unconditional basis of H*(R™) and of H?, ,(R™).

real

PROOF. We already know that it is an unconditional basis of H*(R"™). Ac-
cording to Proposition 6, it is sufficient to show that the functions of this
basis belong to H? ;(R™). That is trivially the case since they and their par-
tial derivatives of order less than or equal to m vanish at 0.

Remark Giving up the L2-topology, we have succeeded to impose simul-
taneously oscillations and localization (compact support) for the analysing
wavelets and cancellations at 0 and localization for the synthesizing wavelets.
That allows us an analysis and a synthesis both of H*(R") and H? ,;(R™).

real

Observe that these properties can not be simultaneously fulfilled in L?(R™)
or in the inhomogeneous space H*(R™). The obstruction comes from the fact
that in these spaces we have to reconstruct a regular function identically equal
to 1 on a neighbourhood of 0 (cf. Theorem 8). This function does not exist

anymore in H2 ;(R") (s > %) since it does not vanish at 0.

6 Confinement of the infrared divergence

In the case where a subspace E of Sy(R") is not realizable in a dilation in-
variant way, we may hope, at least, to confine the divergence in a “small”
subspace. This idea is motivated by the following example of the lifting of the
Laplacian in H2(R%).

We want to solve Af = g with data g € L*(R?) for f € S'(R*). The solution is
obviously not unique. But assuming that the solution f has partial derivatives
of order two in L?(R*) and belongs to BMO(R?) reduces the set of solutions of
the homogeneous equation is reduced to the constants. The solution f belongs
to H2(R*) and is unique (in other words, the Laplacian is an isomorphism
between H2(R*) and L?(R*)). Theorem 2 shows that H?(R*) is not realizable
in a dilation invariant way and so we cannot solve Af = g in H*(R*)NS'(RY)
in a linear, continuous and homogeneous way. However, we can try to reduce

the number of degrees of freedom of the obstruction and solve Af = ¢ for
g € L*(R*") in the following form (P):

f=T(g) +w

with

16



(1) T a continuous linear operator from L?(R*) to S'(R*) and from L*(R?)
to H2(RY),

(2) T(L*(RY)) a closed subspace of H*(RY), stable with respect to dyadic di-
lation,

(3) w e Z with Z a closed subspace of H*(R*), stable with respect to dyadic
dilation,

(4) HX(RY) = T(L2(RY)) @ Z (direct sum in H*(R*), non orthogonal),

(5) For j € 7, T(@4g(20)) = T(g)(27").

Remark The choice T' = 0 and Z = H*(R*) is an obvious solution of (P).
The goal is to find a solution with a subspace Z, which carries the divergence,
as “small” as possible. The word “small” should be understood as a gain of
regularity or in the following sense.

Definition 17 Let E be a subspace of S{(R"™) (or of S'"(R™)/Pn), equipped
with a dyadic dilation invariant Banach structure, such that the canonical
injection of E into SH(R™) (or 8'(R™)/Py,) is continuous.

A couple of closed subspaces (X,Y) of E is called a confinement of the infrared
divergence of order m if E =X ®Y and

(1) X and Y are invariant with respect to dyadic dilation,
(2) Y is realizable in a dyadic dilation invariant way, i.e. there ezists a linear
and continuous map o : Y — S'(R™) such that, for all w € Y and
Jj € Z, one gets o(u) = u in S)(R™) (or in &' (R")/P,,) and o(u(27-)) =
(o))
(8) There exist m functions 6y, ...,0,, € E such that
{6:(2-),j€Z,i=1,..m}

1s an unconditional basis of X. The space X is called residual space.

The fact that the order m does not depend of the choice of the functions
1, ...,0,, is a consequence of the following result.

Theorem 18 Let B be a Banach space, U an automorphism of B andn € N*,
such that there exist n vectors ey, ..., e, € B for which the collection

{U*(e;); ke Zyic{l,...,n}}

is an unconditional basis of B. Let us assume that there exist some vectors
fj € B, indexed by a set E, such that the collection

{UMf); keZ,je E}

s also an unconditional basis of B. Then E is finite of cardinality n.

17



We are now in position to formulate the folloying definition.

Definition 19 Let B, U and n be as in Theorem 18. The number n is called
dimension of B modulo U (or modulo Z).

PROOF. [of Theorem 18] Observe first that the dual system {ej,} (in B’)
of {U*(e;)} is of type {(U*)7%(ef)}. Indeed, the dual system is completely
determined by equations

< €1, U'le) >= 030k,
where < , > denotes the duality B’, B. Now, putting e} = e; o, we have
< (U")7(e)), Ul(ey) >=< ejo, U (e5) >= 6 300, rs1 = 0,0k,
which proves first assertion. Let us also recall that, for x € B, the series
n
Do < (U Her),a > Ur(es)
i=1keZ

converges unconditionaly in B to x and, if x* € B’, we have

<zfr>=) % <zt UMe) >< (U)Me)), x>,

i=1 keZ

where the series is absolutely convergent (i.e. summable).

These remarks can also be applied to the basis {U*(f;)} since we do not use
the cardinality of E. We denote by {(U*)7*(f;)} its dual system.

Let F' be a finite subset of E. Then we have

Card F' = Z < fifi>

JEF

= iz <[5, U (&) >< (U*)"(e)), f; >

JEF i=1 keZ

S S <@ U < (U >

i=1jeF keZ
By the previous remarks applied to {U*(f;)}, the family of coefficients
< e, UM(f;) >< (UY(fF),ei >

is summable on {1,...,n} x F x Z and the sum is

SYS < U < (U (f7), €5 >= S <elie, >=n.

i=1jeE keZ i=1
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Now, for € > 0, there exists a finite part Fj of E such that, for all finite part
F of F including Fj, we have |n — Card F'| < e. Taking ¢ = 1/4, we obtain
that F is finite of cardinality n.

7 Confinement of the infrared divergence for non-realizable Sobolev
spaces

We now consider the critical case H*(R") with s — 5 € N. Let us fix s such
that m = s — 3 € N and choose the regularity r of the wavelets to be greater
than s. By extension, the reorganized Daubechies basis will now be called “flat
wavelet basis of order —17.

The study of the space is based on the interpolation of the realizable spaces
H5(R") and H*t"(R") for 0 < 1 < min(1,r — s). To use the interpolation
theory, these spaces have to be embedded in a same space. So, in that section,
we embed H5(R") in §'(R")/P,,. Again, there exists an unique realization
& of H*~(R") and we have

G(H*"(R") = o(H"(R")) = Hyeof (R").

real

For s — 1 < ¢ < r, the flat wavelet basis of order m — 1 is an unconditional
basis of the spaces H*(R™). So we can define the closed vectorial subspaces Z*
and Y of H'(R") by

7' = Span {Tja, ] €Z, |a| =m}
and

V' =Span{vs,, j € Z, (k,e) € Z" x E\AYU{Y5,, j € Z, (k,€) € Amoa}
UH{Wja, T E€Z, o] <m—=1} U{Tj0, JE€EZ, m+1<|a| < E(r)}.

Theorem 20 Let s be such that m = s — 5 € N. The couple of closed sub-
spaces (Z°,Y®) of H*(R™) is a confinement of the infrared divergence of order
Card{a € N*; |a| = m}.

The basic idea of the proof of the above theorem is to use interpolation theory.
We refer to [2] for definitions and results on interpolation methods. Let us fix
0<n< % such that s +n < r. We begin to show

Lemma 21 The spaces Y, Y5t and Y57 satisfy

(YSH],YS_”)[ | =Y?. (Complex interpolation)

1
2
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PROOF. For all t > 0 we denote by ¢! the space of complex sequences
c={c €L, (ke) €L" X E\ N} U{Cja, j € Z, |a| < E(r), |af # m}
such that

> > | R27 > > |¢j.al?2%" < +o0.

JEZL (k,e)EZM X E\Agso JEL || <E(r),|al#m

The operator T' defined for ¢ € ¢! by

T(c)= Z Z C;,k¢§,k + Z Z Cjklsz

JEZ (k,e)EZn xE\A FEZ (ke)EAmod
Y Y CGaWiat Y > Cj.aTja
JEL |a|<m—1 JEL m+1<|a|<E(r)

is an isomorphism between ¢ and Y for s —n < t < s + 7. Hence, it is an
isomorphism between (f“",f“”)[%] = (° and (YS*”,YH”)[%] and it follows
that (YS—?]’ YS+77)[ ] — YS.

1
2
Now, we can give the proof of Theorem 20

PROOF. For f € Y! with s — 1 <t < r, we define the operator o by

o)=Y (> > (fUS)Y,

JEL (k)T xE\A JEZ (k&) EAmod
Yo > fwjdwiat D D AT T (11)
JEZ |a|<m—1 JEL m+1<|a|<E(r)

We will show that o is a realization of Y™ and Y*%. We distinguish two
cases.

First case: s = 7. In that case, we work with the reorganized Daubechies basis
and no function w;, appears.

i) o is a realization of Y*~". Indeed, all the wavelets have a compact support.
So they belong to H,.,/(R"), since this one is embedded in LI(R") with ? =

real

% — (s —n). Hence, the map o coincides with the realization of H*~"(R") on

Y*~" and then it is a realization of Y *7".
ii) o is a realization of Y**" since all the wavelets which appear in the defini-

tion of Y**7 vanish at 0 (at the order 0). Then they belong to 1°H1(R™) and
o coincides with the realization of H**"(R™) on Y1,

20



Second case: s > 7 + 1.

i) o is a realization of Y*7". Indeed, the functions w;,, j € Z, 0 < |a| <
m — 1, the functions 7;,, j € Z, m+1 < |a| < E(r), the functions @jk, S
Z, (k,e) € Apmod, and the wavelets ¢5,, j € Z, (k,e) € Z" x £\ A, have a
compact support and vanish at 0, as well as their partial derivatives of order
less than or equal to m—1 = s—§ —1. Again the wavelets belong to HS_"(R"),

real
and then o is a realization of Y57".

ii) o is a realization of Y**7(R™) since the functions w;,, j € Z, |a] < m — 1,
the functions 7;,,j7 € Z, m +1 < |a|] < E(r), the functions lzj,k,j €
Z, (k,e) € Amod, and the wavelets ¢%,, j € Z, (k,e) € Z" x £\ A, have a
compact support and vanish at 0, as well as their partial derivatives of order

less than or equal to m = s — 7.

By interpolation, we obtain that o is continuous from Y to S&'(R"). Then
this map is a realization of Y* and is clearly invariant by dyadic dilations.
Moreover, the expansion on the flat wavelet basis of order s — 5 — 1 provides
automatically the representative of the realized space o(Y®).

Theorem 22 Let (Y*, Z*) be the confinement given in Theorem 20 and let o
be the realization of Y* given by the wavelet expansion (formula 11).

(1) There exists a constant C' > 0 such that for all f € Y,
2
a(f)(x
[ < 1 (12)

(2) The space o(Y?®) is localizable.
(3) If the flat wavelet basis of order m — 1 is obtained from a Daubechies
wavelet basis with a reqularity r > s+35+1, then the space Z* is embedded

in the homogeneous Besov space Bf;E(R").

PROOF. The proof of (3) will be given in the next section as a corollary of
Theorem 24. Let us now give the proof of the two first assertions.

We fix again 0 < n < % such that s + n < r. We know that o(Y*™")

(resp. o(Y**7)) is embedded in H’7(R") (resp.H::7(R"™)). By Proposition

real real

3, the space H.7(R") (resp.H 7(R™)) is embedded in L?(R", —& ) (resp.

real real ) |m|2(s—n)
L*(R™, Im|2C(l7f+n))) Hence, o is a continuous map from Y*~" to L*(R", \:v\;(l+"))
and from Y** to L?(R", m;(lifﬂ)) By interpolation, we obtain that ¢ is con-
tinuous from Y to L?(R", |;l|”§s) and we get (12).
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Let us now consider a function ¢ € C§°(R"), with a compact support and such
that >,z ¢(2772) = 1, for all z € R™ \ {0}. We want to prove that for all

feys,
?qs Z ||U SDJ

JEZL

1f]

Hs)

where ¢; = ¢(277-). This property is known for the realized spaces of non
critical exponent (cf. Proposition 3). Again we will obtain it by interpolation
in the critical case.

For that, we consider, for ¢t € R, the Hilbert space 82(17 t) of the sequences of
functions {fi, | € Z} such that

||{fl}||e2(Ht) = (Z ||fl||§{t> is finite.

LEZ

Using the complex interpolation method yields for all ¢ € R and n € R (cf.

2]) ‘ ' '
(2 ("), C(H)) g = (H").

The linear operator defined for f € Y*7" (resp. € Y*) by

U(f) ={a(f)wj j € Z}

is continuous from Y*=7 (resp. Y**7) to (2(H*") (resp. (2(H*™")). Indeed we
know that H° 7(R") and H>[(R™) are localizable. It follows that

real real

TPz ggro—my = D_ llo (£l

JEZ

frsn < KNI

Hs—n

and
1T eogzoin = 2 N0 (D@illFn < KN fIgesn-

JEZ

By interpolation, we obtain that U is a continuous operator from Y to €2(H ).
In particular, one gets, for f € Y*,

> llo(Heslle < Kl I

JET

The converse estimation is true on H $(R™) and does not depend on the con-
struction of Y*. We simply choose any representative f € S'(R™) of [f]s €
H*(R™). So let f € S'(R") be such that [f], € H*(R"). For j € Z, we define
fi € S'(R™) by f; = fe; and we denote by T'; = {& € R", ;27 < |z] < 927}
the support of f;. If s is an integer the proof is trivial.

Else, for t = s — E(s) and for the indices j € Z and k € Z with k — 5 > M
(where M > 0 is such that I'; N Ty, = 0), we obtain
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(fi fdl= >

la[=E(s)

[ [ O LR TR,

|z =yl
|0°‘f] 2)]|0° fi(y)]
dxd
/GCEFJ /yEFk k(n+2r) xay

where (.,.) is the usual scalar product on H*(R") defined in Section 2. Now,

Ia\ E(s)

le% < @ £ _ A% F. —nj
[ loen@lae <k [ [ 10) = 0 )2 dedy

zel 2022]<|y‘<4022]

Ix - yl
1
< K / / 10° f;() _aafj(y)|2dl‘dy 22j(g+r)
- z€l; J2c021 <|y| <422 |l — y|nt2r
< K215
Then
[{fs fi)l < K207PGE | fill
Consequently
1= > (s fo)
JEL kEL
JELO0<k—j<M JEL k— ]>M
<K £l
JEL

which ends the proof of (2).

8 The lifting of the Laplacian in H?(R?)

In this section, we return to the problem (P) introduced in Section 6, and study
the regularity of Z, understood as an embedding in an homogeneous Besov
space. But first, we need to prove that the reorganized Daubechies basis and
the flat wavelet bases are unconditional basis of the Besov spaces B;q(R”)
(with conditions on the exponents).
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8.1 Besov spaces and flat wavelet basis

For s € R, 1 < p,q < 0o, the homogeneous Besov space B;q(R") is the collec-

tion of tempered distributions modulo polynomials (or modulo polynomials of

degree less than or equal to E(s — %)) f such that

F=S A i SiE)

and
IS q
(2 HAg(f)Hp)jeZ e 1(2),
where A; is defined by (1). Let us recall the following classical result (cf. [7])

Theorem 23 Let be 1 < p,qg < 0o and 0 < s < r. Let p' (resp. q') be the
conjugate exponent of p (resp. q) given by i + 1% =1.

The Daubechies wavelet basis {wik, JEL, kel e} is an unconditional
basis of B;q(R") and is its own dual system in B;Z(R”). In addition, for
fe B;’q(R"), one has

1
q

If1

Bg,q:(zuﬂ”%—%)( > ;,k>|p>%|q)

JEL (k,e)€EZ"XE

Moreover, ifp > 1 and g > 1, then the dual system {w;’,kv JEL kel ek}
is an unconditional basis of B;Z(R”)

It is obvious that the reorganized Daubechies basis (defined in Theorem 11)
is also an unconditional basis of B, (R") for 1 < p,q < oo and 0 < s < 7.

Indeed the functions 7, and v; are obtained with a change of bases in finite
dimension.

Now we consider the flat wavelet basis of order m (m € N) of Proposition 14.
We have

Proposition 24 The flat wavelet basis of order m is an unconditional basis
of By ,(R") form+ % <s<r,1<p,q<oo, and for f € B, (R") we obtain

1
q

r\f|rg,s,,q:(z\2“”%%>< > mmﬂq) ,

JEL (k,e)EZ"XE

where the functions ¢5, for j € Z and (k,e) € Z" x & are a relabelling of the
basis. If in addition, one has p > 1 and q > 1, then the dual system
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{5, J €L, (ke) €Z" x ENAYU{YS,, j € Z, (k,€) € Apnoa}
WHwigs J EZ, Ja| <myU{T],, j€Z, m+1<|al < E(r)},

. . . . u —Ss
is an unconditional basis of B,%,(R").

PROOF. Let us define the closed subspaces FE, for |a| < m, and F of
B; (R™) by
E, = Span{Tj, j € L}

and
F=Span ({¢54, j € Z, (k,e) € Z" x E\AYU{U5,, j € Z, (,€) € Apoa}
U Tjar J €Z, m+ 1 < |al < E(r)}).

For |af <m and h = ¥ 5< 5 + f € B;q(R”) with ez € Eg and f € F, we
define on B;q (R™) the operators

Sa(h) = 2\04@@(5).

An easy computation shows that

156 ()]

If m+3 <'s, one has || Ss|| < 1. In that case, by Lemma 15, we obtain that the
operator T' = Id — 3 ,j<m Sa 18 an isomorphism which maps the reorganized
Daubechies basis on the flat wavelet basis.

por = 219125 7°) |

38D .
Bl]

The assertion (3) of Theorem 22 follows now obviously from the characteriza-
tion of wavelet coefficients. Indeed, for ¢ = s+ 4 < r, the flat wavelet basis of
order m — 1 is an unconditional basis of By'(R"). Put f € Z ¢ H*(R"). We

write
F=22 2" ¢aTja

JEZ |al=m
with
1
2
(Z > (\Cj,a|2js)2) < 00,
JEZ |a|=m

But this can be written as

N|=

(Z 5 (|cj7a|2%2—jn2ﬁ)2) o

JEZ |a|]=m
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and the last series is equivalent to the norm of f in BS’I(R”).

Remark Following the results of Bourdaud in [3] and Youss’fi in [11] on the
realization of the homogenous Besov spaces, we can show that the flat wavelet
basis of order m is an unconditional basis of the realization of By (R") for
m=E(s—%)inthecase s—2>0,s=2 ¢ N, 1<pg<oolfs—2€Nand
q > 1, the homogeneous Besov spaces are not realizable in a dilation invariant
way but the flat wavelet basis provides a confinement of the divergence with
a gain of regularity for the residual space. In the case ¢ = p we also obtain
the localization property and the Hardy inequality.

It is not our purpose here to discuss these results in detail. It can be found in
[9], where a generalization to the homogeneous Sobolev spaces H(R") is also
given.

8.2 The lifting of the Laplacian

We return to the problem (P) posed in Section 6. The reorganized Daubechies
wavelet provides us a solution of (P). Indeed, we have for f € H?*(R*) and
g € L*(RY),

Af=g&f=> > Ay, AT Sk + > > g Afl@f}) ~]€‘,k

FEZ (k,e)EZM x E\A FEZ (k,e)EAmod

_'_Z Z <g’ T;a)Ta

JEZ |a|<E(r)
sf=T(g) +w

where w = ZjeZ<gv 7';0>7'j,0-

Lemma 25 The expansion T'(g) is convergent in S'(R™).

PROOF. 1t is a direct consequence of Theorem 20. The couple (Z,Y) of
closed subspaces of H?(R*) defined in Section 7 is a confinement of the in-
frared divergence. In particular Y is realizable and the expansion on the basis
provides the realization. Consequently, the series T'(g) converges in S'(R").

That is not the case in general for w € Z (since 79(0) = 1). But by Proposition
22, we know that Z is a subspace of Bf,(R*).

Now, we will show that there is no “better” solution of the problem (P) with
the following result.

26



Theorem 26 If (T,Z) is a solution of (P) such that Z is embedded in a

Besov space B;,q(R‘l) with s € R, 1 < p,q < oo, then one has s = % and

q > 2. Hence,
Bl (RY) C B, (RY).

Remark The subspace Z is dyadically homogeneous of degree 0 (for w € Z,

one has ||w(27-)| ;2> = [|w]| g2). Then it only can be embedded in a Besov space

s 4 : : __ 4
B; ,(R?) with the same homogeneity. Hence s = .

For ¢ > 2, the theorem does not give any information since the Sobolev em-

. 4 .4
beddings give Bf ,(R*) C BFy(R*) C Bpg(R"). We still have to exclude the
Cases:%andq<2.

PROOF. [of Theorem 26 Assume that there exists (T, Z) solution of (P) such

- 4
that Z is embedded in BE4(R*) with 1 < ¢ < 2. We will study the structure
of Z to show that it is impossible.

Let us consider the function

w =19 —T(10).

Clearly, this function belongs to Z. Furthermore, for all sequences ¢ = {c;} €
(*(Z), the expansion Y ,ez c;w(27.) belongs to Z. Indeed, the series is conver-
gent in ?(R*) since

13" cjw (@)l = (1d = TAYS ¢j70(2-)) | g2

jez €T
<KX ¢mo(2)l] 2
JEZ
<Cllefle
(one has || Yjez¢m0(2 )2 = || Xjez ;2 70| g2). Since Z is closed in

H?(RY), the expansion f = > jez cjw(27+) belongs to Z.

Let us now expand w in the reorganized Daubechies basis. There exists a
sequence a = {a;} € €% such that

w=>Y a;7(2") + v, (13)

JET

with v € Y.
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Using the assumption that Z is embedded in Bﬁq(R‘l), one has, for all sequence
c={¢;} € (Z),
> qw(?) e Bg q(R4)

JEZ

Taking into account the expansion (13), we arrive at

Z Z Q0 Cj—nTo(2 Z cjv(2’.) € B” (R4).

JEZnEL JEZ

Now, by Proposition 24, we have

>+ D Ciathin € Bha(RY) = 3¢5 € Bpg(RY)

JEL jk

and \

ZC]'T]' € Bpg,q(RZL) < Z |Cj|q2jq < +00,
or after change of normalization,

> eimo(2 EBF J(RY) = > |g|? < +oc.
Finally, we have for all sequence ¢ = {¢;} € (*(Z)

axcell(Z)

with ¢ < 2. The only possibility is then oo = 0.

But, using the fact that & = 0 in (13), we get that

Ziv(w)—ziw(w) Zifozf Z TATO )(27) = f1 — fo

7<0 |j| 7<0 |]| 7<0 |j| ]<O

diverges in §'(R"). Indeed, fi diverges while f, converges by assumption on
the space T(L?(R?)). But this series belongs to the realization of Y provided
by the reorganized Daubechies basis and is then convergent in S’(R").

Adapting the proof of this theorem, we can easily show the following result,

Proposition 27 Let s >0, s — 5 € N. If the couple (Y,Z) is a confinement
of H3(R™) such that Z is embedded in a Besov space Bf),q(R") withs € R, 1 <
p,q < 00 then we havet = s — 5 + % and q > 2. In particular,

. 8_;’_% n . n
B5*(R") C B (R™).
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Thus, the flat wavelet bases provides a confinement with a residual space Z
which has a gain of regularity maximal (understood as an embedding in a
Besov space).

This paper is a part of the PhD thesis ([9]) and the results -without proofs-
have been presented in a Note ([10]).
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